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A theoretical method for predictingminimum induced-drag conditions in a nonplanar lifting systems is presented

in this paper. The procedure is based on lifting line theory and the small perturbation acceleration potential. Under

thehypotheses of linearity and rigidwake alignedwith the freestream, optimality conditions are formulatedusing the

Euler–Lagrange integral equation with constraints on fixed total lifting force and wing span. Particular attention is

paid to analysis and numerical treatment of the Hadamard finite-part integrals involved in the solution process. The

minimum induced-drag problem is then formulated and solved numerically and analytically. In the case of annular

wings, closed-form expressions for the optimal circulation distribution, the normalwash, the induced-drag

coefficient, and the efficiency are presented. Optimal annular wings and C-wings are extensively analyzed, and

comparisons with available results in the literature are presented. It is confirmed that a C-wing presents almost the

same induced drag (under optimal conditions) as the corresponding closed-wing system. However, the optimal

distributions of circulation are significantly different. All optimal wing systems are also compared to an optimal

cantilevered wing and a biplane.

Nomenclature

aw = semiaxis in the direction of the lift (elliptical
annular wing)

CDi = coefficient of induced drag
CL = coefficient of lift
C1, C2 = constants
�C = prescribed value of the constraint
�CL = prescribed coefficient of lift (constraint)
c = parameter used in the coordinate transformations

(elliptical annular wings and arcs)
c�t� = auxiliary function used in the definition of the

constraint
Di = induced drag
E = aerodynamic efficiency
F = aerodynamic force per unit of length
g1 = known symmetric function
g2 = known function
H = distance between the two wings in a biplane
H3, H4 = auxiliary variables
H5, H6, H7 = auxiliary variables
�H3, �H4 = auxiliary variables
�H5, �H6, �H7 = auxiliary variables
IA, IB, IC = integrals calculated using a sinusoidal doublet

distribution
I0A, I

0
B = integrals calculated using a constant doublet

distribution
i, j, k = unit vectors corresponding to the directions x, y

and z
J = functional that has to be minimized (induced

drag or coefficient of induced drag)
L = lift
�L = prescribed lift (constraint)
l = chord
m = doublet distribution

mopt = candidate function which minimizes J, optimal
doublet distribution

m0, m1 = values of m at the lower and upper limits of the
integrals

Nd = unit vector which acts outward from the local
center of curvature

nd = unit vector which acts inward from the local
center of curvature

q = dynamic pressure
R = radial coordinate
Rw = radius of the circular annular wing
S = reference surface
sd = curvilinear coordinate
T1, T2, T3 = auxiliary variables
�T1, �T2, �T3 = auxiliary variables
t, s = variables used in the computations of the

integrals
un = normalwash
V1 = freestream velocity
X = nondimensional x coordinate
x, y, z = coordinate system
xd, yd, zd = coordinates of the point in which the generic

doublet is positioned
�Y = symmetric kernel
R �Y = symmetric regular kernel
S �Y = symmetric singular kernel (order of the

singularity 2)
� = twist distribution
�i = induced angle of attack
� = angle between the local aerodynamic force and

the wing span direction
�1, �2 = lower and upper limits of the integrals (elliptical

lifting arcs)
� = circulation
� = auxiliary variable
� = variational operator
" = nondimensional parameter used in the geometric

definitions of the elliptical lifting arcs
# = angle of inclination of the lifting element
� = Lagrange multiplier
�1 = density (constant in all field)
� = auxiliary variable used in the derivation of the

Euler–Lagrange equation
� = dummy variable
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� = small perturbation velocity potential
’ = angular coordinate
’d = angular coordinate which identifies the position

of the generic doublet
� = small perturbation acceleration potential
 = parameter used in the transformation of the

coordinates (elliptical annular wings and arcs)
 w = parameter which identifies the ellipse

representing the annular wing
2bw = wing span, axis of the annular wing in the wing

span direction
�
Z

= integral defined in the Hadamard finite-part sense

Subscripts

bw=aw � 1 = related to the circular annular wing with
Rw � aw � bw

bw=aw > 1 = related to the elliptical annular wing with
bw > aw

bw=aw < 1 = related to the elliptical annular wing with
bw < aw

d = referred to the doublet
opt = optimal conditions (minimum induced drag with

fixed lift and wing span)
ref = referred to the classical cantilevered wing under

optimal conditions
WTC = related to the wall tangency condition
w = referred to the wing

Superscript

0 = derivative of the function

Introduction

M ETHODS for induced-drag prediction andminimization have
been pursued since the early days of aviation [1,2]. Reviews

of procedures for induced-drag prediction can be found in the
literature [3–6]. Optimal lift distributions for minimum drag on
straight high-aspect ratio wings were obtained in the early years of
the 20th century already, and interest in induced-drag minimization
kept place with the evolution over the years of more complex wing
configurations [7]. With the growing availability of digital
computers and math programming algorithms, lifting surface/math
programming optimum wing designs for minimum induced drag
were reported first in the 1960s and early 1970s. Development of
math programming based wing design for induced-drag
minimization continued in the 1980s and 1990s, and the technology
was applied to emerging unconventional wing configurations, such
as the box wing and C-wing [3,8].

Some of the advantages of the math programming induced-drag
minimizationmethods are that they are efficient and can be applied to
general configurations subject to constraints of various types. The
early analytical induced-dragminimizationmethods were applicable
only to simple configurations with simple constraints. In this paper a
theoretical approach for induced-drag minimization, first presented
in [6], is applied to nonconventional nonplanar wing configurations.
The method is based on a variational approach, and leads to a set of
equations for the optimum solution directly. Under the hypotheses of
steady incompressible and inviscid flow, the induced drag is
minimized considering the wake to be rigid and aligned with the
freestream velocity (a good overviewofwakemodels can be found in
the literature [9,10]).

The proposed method is not intended to replace math
programming-based induced-drag minimization techniques. It
complements such methods by shedding light on some of the
analytical and numerical issues involved, and can provide
benchmark test cases for the verification of accuracy and
convergence characteristics of other minimization methods.

The present approach is based on an acceleration potential [11]
formulation using doublets. For any doublet distribution the

normalwash and induced drag can be found in a closed form. The
induced drag or induced-drag coefficient are functionals to be
minimized under fixed wing span and lift constraints. Using the
techniques of the variational calculus [12–14] an Euler–Lagrange
equation can be written. This equation in the present case is an
integral equation (or a system of integral equations in the most
general case) containing the unknown optimal doublet distribution.
Hadamard finite-part integrals [15–18] in the formulation require
special attention in the numerical solution process. In the following,
known numerical results [19] are reproduced and new analytical
formulations are presented. Annular wings (circular and elliptical)
and elliptical lifting arcs are studied for all aspect ratios, and closed-
form solutions for the optimal doublet distribution, normalwash,
induced drag and efficiency are shown. To test the quality of
solutions use is made of Munk’s minimum induced drag theorem
(MMIDT) [20]. The presented procedure is general and can be
applied effectively to wings such as parabolic arcs, hyperbolic arcs,
sinusoidal arcs, closed wing systems, C-wings, and general
nonplanar wing configurations.

Euler–Lagrange Equation Involving Hadamard
Finite-Part Integrals

A variational formulation of the induced-drag minimization
problem leads to an Euler–Lagrange equation [12–14] where the
integral has to be interpreted in the Hadamard finite-part sense [17].
Consider the following functional (which will be shown in
subsequent sections to represent induced drag):

J � C1

Z �1

�1
m�s�

�
�
Z �1

�1
m�t� �Y�t; s� dt

�
ds (1)

In Eq. (1) C1 is a constant, the kernel �Y�t; s� is a symmetric function
(if t and s are switched the function does not change) which is
singularwhen t� s. Suppose also that the order of the singularity is
2 and m��1� �m��1� � 0. In the most general case that has
practical interest in the cases analyzed in this paper, the kernel can be

written as a combination of a regular symmetric function R �Y�t; s� and
a singular symmetric function S �Y�t; s� of order 2. Therefore, the
kernel will be

�Y�t; s� � �Y�s; t� � R �Y�t; s� � S �Y�t; s� (2)

For example, a possible kernel could be the following:

�Y�t; s� � �Y�s; t� � sinh2 wcosh
2 w

fsinh2 w � sin2�	�t� s�=2�g2

�
1
2
cosh�2 w�

fsinh2 w � sin2�	�t� s�=2�g �
1

1 � cos�	�t � s�� (3)

where w is a known constant. In Eq. (3) the regular part of the kernel
is represented by the first two terms, whereas the singular part is
represented by the term 1=f1 � cos�	�t � s��g. The singular term can
bemanipulated to have the singularity in the form 1=��t � s�2�. In this
case (but this is valid for all functions which have singularity of order
2) this manipulation can be done multiplying and dividing by
�t � s�2:

1

1� cos�	�t � s�� �
�t � s�2

1� cos�	�t � s��
1

�t � s�2 (4)

Notice that ��t � s�2�=f1� cos�	�t � s��g is regular. In fact, using
the Taylor series it can be proven that

lim
t!s

�t � s�2
1 � cos�	�t � s�� �

2

	2
(5)

The singular term S �Y�t; s� can, then, be written as a product of a
known symmetric function g1�t; s� (in the example
g1�t; s� � ��t � s�2�=f1 � cos�	�t � s��g) and the singular term
Y�t; s� � 1=��t � s�2�:
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S �Y�t; s� � g1�t; s�Y�t; s� (6)

Thus, the kernel has the expression

�Y�t; s� � R �Y�t; s� � g1�t; s�Y�t; s� (7)

Substituting Eq. (7) into Eq. (1), the functional can be written as

J � C1

Z �1

�1
m�s�

�
�
Z �1

�1
m�t��R �Y�t; s� � g1�t; s�Y�t; s�� dt

�
ds (8)

or

J � C1

Z �1

�1
m�s�

�Z �1

�1
m�t�R �Y�t; s� dt�

�
Z �1

�1
m�t�g1�t; s�Y�t; s� dt

�
ds (9)

Now, let the goal be to find a function m�t� that minimizes J.
Consider, also, a constraint of the following type:

�C� C2

Z �1

�1
m�t�g2�t� dt (10)

where �C is an assigned constant and g2�s� is a known function. The
function m has to satisfy the boundary conditions (notice that
m0 �m1 � 0)

m��1� �m0; m��1� �m1 (11)

Consider next a variation function �1�t� that satisfies the condition
�1��1� � �1��1� � 0 (12)

With this variation function, a solution for the problem can be found
using the following relation (the subscript “opt” indicates the optimal
condition: J is minimized):

m��� �mopt��� � ��1��� � 2 ��1; 1� (13)

In the preceding equationm satisfies the boundary conditions (11), if

mopt��1� �m0; mopt��1� �m1 (14)

Notice, also, that mopt is the candidate function to minimize J. To
apply the Lagrange multiplier method for optimization, constraint
(10) is written as [6]

c�t� � C2

Z
t

�1
m�s�g2�s� ds) c0�t� � C2m�t�g2�t� � 0 (15)

where

c��1� � �C; c��1� � 0 (16)

To apply the Lagrange multiplier method, the following steps must
be taken [14]: first, substitute m��� �mopt��� � ��1��� into the
expression of J, and calculate the derivative with respect to �. The
derivative has to be evaluated for � � 0.

Then, substitute c��� � c���opt � ��2��� and m��� �mopt��� �
��1��� into Eq. (15). Notice that �2��1� � �2��1� � 0,

copt��1� � �C, and copt��1� � 0. After the substitution, the
derivative with respect to � has to be calculated and evaluated for
� � 0. It can be shown (see Appendix A) that the resulting Euler–
Lagrange equation is

2C1

Z �1

�1
mopt�s�R �Y�t; s� ds� 2C1�

Z �1

�1
mopt�s�S �Y�t; s� ds

� C2�g2�t� � 0 (17)

Obviously, the constraint for the function mopt

�C� C2

Z �1

�1
mopt�t�g2�t� dt (18)

has to be satisfied as well as the Euler–Lagrange equation. The
numerical solution of the Euler–Lagrange equation and the
numerical quadrature of the Hadamard integrals are discussed in a
previous paper [6]. To apply the numerical procedures described in
Appendices B and C of [6], the Euler–Lagrange equation is written
following Eq. (A11) (see Appendix A).

All the cases analyzed in this paper (annular wings and C-wings)
will have the Euler–Lagrange equation in the form (17).

Brief Description of the Present Minimization Procedure

For incompressible, inviscid, small-perturbation steady flow, and
with the wake considered rigid and aligned with the freestream
velocity, it is possible to apply the following analytical procedure:
first write the small-perturbation acceleration potential of the
doublet distribution over the lifting line representing the wing. Let
such distribution be called m.

The small-perturbation velocity potential is expressed by
integration of the small-perturbation acceleration potential. This
operation is essential for the imposition of the wall tangency
condition (WTC).

The WTC is imposed next using Weissinger’s approach. This
approach is useful in the direct problem, i.e., this step allows one to
calculate the doublet distribution when the twist distribution � is
assigned. When the doublet distribution is calculated, the lift and
induced drag can be determined. In this paper the direct approach is
not discussed in detail [14,21].

Now, write the normalwash on the lifting line by calculating the
derivative of the small-perturbation velocity potential with respect to
the direction perpendicular the lifting line representing the lifting
system. In the next step write the analytical expressions of the
aerodynamic induced drag (which depends on the normalwash) and
of the lifting force.

Then, derive the Euler–Lagrange equation: the induced drag has to
be minimum with the constraints of fixed wing span and lift.
Numerical (or analytical if possible) solution of the Euler–Lagrange
equation follows, as well as the determination of the optimal doublet
distribution mopt. In the final two steps, calculate the efficiency of
minimum induced drag and compare with a reference classical wing
with the same wing span and total lift. Then check if the Munk’s
minimum induced drag theorem is satisfied (optional).

Aerodynamic Analysis of a Circular Annular Wing

Derivation of the Expression of the Small-Perturbation Acceleration
Potential

The geometry of the wing is shown in Fig. 1. Considering the
geometry of thewing it is clear that a convenient coordinate system is
the following:

y� R cos ’ 0 	 ’ 	 2	
z� R sin’ R > 0

(19)

Using Eq. (19), each point of the space is uniquely defined by the
coordinates x,R, and ’. The circular lifting line is placed in the plane
y, z (at the first quarter according to Weissinger’s approach). The
points on the circular lifting line (radius Rw) representing the wing
have coordinates y and z calculated using Eq. (19):

y� Rw cos’ 0 	 ’ 	 2	
z� Rw sin ’ Rw > 0

(20)

The geometry of the wing and the convention used are shown
in Figs. 1 and 2. ’d is the angular coordinate of the generic
doublet positioned on the circular lifting line representing the wing.
The small-perturbation acceleration potential of a doublet M�
m�sd� dsd �m�’d�Rw d’d positioned on the lifting line at the point
corresponding to the curvilinear coordinate sd (see Figs. 1 and 2) has
expression
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d��� 1

4	
M
ndx�x � xd� � ndy�y � yd� � ndz�z � zd�
��x � xd�2 � �y � yd�2 � �z � zd�2�32

(21)

where xd, yd, and zd are the Cartesian coordinates of the point
(defined by the curvilinear coordinate sd) in which the doubletM is
positioned. ndx, ndy, and ndz are the components of the unit vector
which defines the axis of the doubletM (see Fig. 2). Considering the
fact that the lifting line is placed in the plane y, z (therefore xd � 0)
and remembering that the positive direction for the doublet is inward
from the center (therefore ndy �� cos’d and ndz �� sin’d), the
contribution of the doubletM to the small-perturbation acceleration
potential is

d���m�’d�
4	

Rw�� cos’d�R cos’ � Rw cos’d�
� sin ’d�R sin ’ � Rw sin ’d��=�3

2 d’d (22)

where

�� R2
wX

2 � R2 � R2
w � 2RRw cos�’ � ’d� (23)

X � x

Rw
(24)

Note that in Eq. (22) the transformation of coordinates [Eqs. (19) and
(20)] are used. Considering the linearity of the theory that is being
developed, the small-perturbation acceleration potential of all
doublets on the lifting line will be the integral over the circle (defined
by Rw) of Eq. (22):

�� 1

4	R2
w

Z
2	

0

m�’d��R cos�’ � ’d� � Rw�
�X2 � R2=R2

w � 1� 2�R=Rw� cos�’ � ’d��32
d’d

(25)

Expression of the Small-Perturbation Velocity Potential

To impose the boundary conditions, the small-perturbation
velocity potential has to be written, integrating the expression of the
small-perturbation acceleration potential:

�� Rw
V1

Z
X

�1
�d� (26)

where � is a dummy variable (used to distinguish it from X).
Substituting Eq. (25) into Eq. (26) and changing order of integration,
the small-perturbation velocity potential becomes

�� 1

4	V1Rw

Z
2	

0

m�’d��R cos�’ � ’d� � Rw�
R2=R2

w � 1 � 2�R=Rw� cos�’ � ’d�



�

X���������������������������������������������������������������������������������������
�X2 � R2=R2

w � 1 � 2�R=Rw� cos�’ � ’d��
p � 1

�
d’d

(27)

WTC Using Weissinger’s Approach

TheWTC has to be imposed at the 3=4 chord point. Therefore, the
WTC is imposed in

xWTC � l

2
) XWTC � l

2Rw
(28)

The WTC is

� ��’� � 1

V1

�
1

hR

@�

@R

�
X�XWTC;R�Rw

(29)

In the polar coordinate system [Eq. (19)] hR � 1. Using Eq. (27) and
calculating the derivative as prescribed in Eq. (29), the integral
equation in the unknown doublet distribution (the twist distribution
is assumed known) representing the mathematical imposition of the
WTC is

� ��’� � 1

4	V21Rw

Z
2	

0

� �m�’d� cos�’ � ’d�
XWTC �

��������������������������������������������������������
X2
WTC � 2�1 � cos�’ � ’d��

p


 1��������������������������������������������������������
X2
WTC � 2�1 � cos�’ � ’d��

p
�
d’d �

1

4	V21Rw



Z

2	

0

m�’d�
�
�1� 1

2

�
XWTC��������������������������������������������������������

X2
WTC � 2�1 � cos�’ � ’d��

p

� 1

��
d’d �

1

4	V21Rw

Z
2	

0

m�’d�


 1

2
XWTC

1 � cos�’ � ’d�
f

��������������������������������������������������������
X2
WTC � 2�1� cos�’ � ’d��

p
g3

d’d

� 1

4	V21Rw
�
Z

2	

0

m�’d�
1 � cos�’ � ’d�

d’d (30)

Normalwash un�’�
Recalling the definition of the small-perturbation velocity

potential, the normalwash is

un�’� �
�
1

hR

@�

@R

�
R�Rw;X�0

(31)

This expression is formally similar to the expression used in
Weissinger’s condition [Eq. (29)]. Hence

V

Fig. 1 Circular annular wing: reference coordinate system.

Fig. 2 Positive direction of the doublet’s axis.

84 DEMASI



un�’� �
1

8	V1Rw
�
Z

2	

0

m�’d�
1� cos�’ � ’d�

d’d (32)

The normalwash is positive when directed along �R (outward the
center of the circle). It is also possible [14] to calculate the
normalwash via a geometric approach considering a distribution of
circulation ��’� and integrating over the circle of all contributions of
the vortices. Then, because the circulation and doublet distribution
are coincident except for a multiplying constant [6] (the freestream
velocity) and after integration by part, the expression (32) can be
obtained.

Total Lifting Force

The selected positive direction of the doublet distribution is
inward to the center, whereas the positive direction of the
aerodynamic force per unit of length of arc is the radial direction. The
force per unit of length in the direction of the doublet axis can be
obtained [6] from the doublet distribution multiplying it by ��1.
Because the assumed positive direction of the force is radial
(opposite to the direction of the doublet axis), it can be deduced that
the aerodynamic force per unit of length is (see Fig. 3)

F�’d� � ����1m�’d�� � �1m�’d� (33)

From Fig. 3, the local lifting force per unit of length is

L�’d� � F�’d� sin’d � �1m�’d� sin ’d (34)

The total lifting force is obtained by integrating Eq. (34) over the
lifting line:

L�
Z

2	

0

L�’d�Rw d’d � �1Rw

Z
2	

0

m�’d� sin ’d d’d (35)

The coefficient of lift (reference surface defined as S� 4Rwl) is

CL �
L

1
2
�1�4Rwl�V21

� 1

2lV21

Z
2	

0

m�’d� sin ’d d’d (36)

Evaluation of the Induced Drag

The induced drag per unit of length of arc is the product of the
aerodynamic force F�’d� per unit of length of arch and the
trigonometric tangent of the induced incidence �i�’d�. Assuming
small perturbations,

Di�’d� � F�’d� tan��i�’d�� ’ F�’d��i�’d� (37)

Using the expressions of the induced incidence �i�’d� � ��un�’d��=
V1 and aerodynamic force F�’d� � �1m�’d�, the induced drag per
unit of length is

Di�’d� � ��1m�’d�
un�’d�
V1

(38)

The total induced drag can be obtained by integration over the circle
[see Eq. (32)]. As it will be explained later when the induced drag is
minimized, the case in which the doublet distribution m is zero at

both the endpoints of the integral will be analyzed. This guarantees
that the external internal is a standard integral and that the singularity
of the inner integral is always internal and so the standard linear
change of variable rule is allowed [17]. Thus,

Di �� �1
8	V21

Z
2	

0

m�’�
�
�
Z

2	

0

m�’d�
1 � cos�’d � ’�

d’d

�
d’ (39)

The coefficient of induced drag is

CDi �� 1

16Rwl	V
41

Z
2	

0

m�’�
�
�
Z

2	

0

m�’d�
1 � cos�’d � ’�

d’d

�
d’

(40)

Aerodynamic Analysis of an Elliptical Annular Wing
with bw > aw

The procedure used for the circular annular wing can be adopted
for the elliptical annular wing as well.

Derivation of the Expression of the Small-Perturbation Acceleration
Potential

The geometry and the notation are shown in Fig. 4. Because of the
particular geometry of the lifting line, a good choice of coordinate
system can be represented by the relation

y� c cosh cos ’ 0 	 ’ 	 2	
z� c sinh sin ’  > 0

(41)

Using Eq. (41) and Fig. 5, it is clear that each point in a plane parallel
to the plane which contains the wing is uniquely determined as the
intersection of an ellipse (each curve with  � const is an ellipse)
and a hyperbola (each curve with ’� const is a hyperbola). At each
intersection of an ellipse and a hyperbola, the tangent of the ellipse is
perpendicular to the tangent of the hyperbola. The ellipse

representing the lifting line is obtained by setting  �  w (as in the
circular wing the wing was obtained setting R� Rw). Therefore, the
points on the wing have the coordinates y and z given by the
following formula:

y� c cosh w cos’ 0 	 ’ 	 2	
z� c sinh w sin ’  w > 0

(42)

It can observed that the semiaxes aw and bw are

Fig. 3 Calculation of the lifting force.

Fig. 5 Transformation of the coordinate system.

Fig. 4 Elliptical annular wing with bw > aw.
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aw � c sinh w bw � c cosh w (43)

Using Eq. (43),

c2 � b2w � a2w cosh2 w � b2w
b2w � a2w

(44)

From Eq. (41),

ds2 � dy2 � dz2 � c2�cosh2 � cos2’��d 2 � d’2�
� h2�d 2 � d’2� (45)

On the ellipse representing the lifting line ( �  w � const )
d � 0), the infinitesimal arc has the following length (see Eq. (45);

the definition hw’d �
��������������������������������������
cosh2 w � cos2’d

p
is also used):

d sd � c
��������������������������������������
cosh2 w � cos2’d

p
d’d � chw’d d’d (46)

Thus, the generic doubletM positioned at a point on the ellipse has
the following expression:

M�m�sd�dsd �m�’d�c
��������������������������������������
cosh2 w � cos2’d

p
d’d

�m�’d�chw’d d’d (47)

Considering Eq. (21), using the new coordinate system [Eqs. (41)
and (42)], and integrating over the ellipse, the small-perturbation
acceleration potential can be written as

�� 1

8	c

Z
2	

0

m�’d�
H3

H3=2
4

d’d (48)

where

X � x

c

H3 � sinh� �  w� cos�’ � ’d� � sinh� �  w� cos�’� ’d�
� sinh 2 w

H4 � X2 � sinh2 � cos2’ � cosh� �  w� cos�’� ’d�
� cosh� �  w� cos�’ � ’d� � sinh2 w � cos2’d

The doublet axes are chosen as in the case of the circular annular
wing: they act toward the local center of curvature.

Small-Perturbation Velocity Potential

Integrating the small-perturbation acceleration potential, it is
possible to obtain the small-perturbation velocity potential. After the
integration is performed, the result is

�� 1

8	V1

Z
2	

0

m�’d�
H3

H4 � X2

�
X������
H4

p � 1

�
d’d (49)

This expression is useful in the imposition ofWeissinger’s condition.

WTC Using Weissinger’s Approach

The WTC is imposed in

xWTC � l

2
) XWTC � l

2c
(50)

The direction perpendicular to the generic ellipse of the coordinate
system is represented by  . Thus, the WTC is

� ��’� � 1

V1

�
1

h

@�

@ 

�
X�XWTC; � w

(51)

Notice that in the adopted coordinate system h�
c

���������������������������������
cosh2 � cos2’

p
[see Eq. (45)]. Using Eq. (49) and calculating

the derivative as prescribed in Eq. (51), the integral equation in the
unknown doublet distribution (the twist distribution is assumed

known) representing the mathematical imposition of the WTC is

� ��’� � 1

8	cV21hw’

�Z
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0

m�’d��T1 � T2 � T3� d’d

� 2�
Z
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0

m�’d�
1� cos�’ � ’d�

d’d

�
(52)

where

hw’ �
������������������������������������
cosh2 w � cos2’

p

T1 �
XWTCcosh

2 wsinh
2 w�1 � cos�’ � ’d��

�H5��H6�32

T2 �
cosh2 w cos�’ � ’d� � cos’ cos’d

�H5�
H7 �

cosh�2 w�
�H5�

T3 �
sinh2 wcosh

2 w
�H5�2

�
XWTC������
H6

p � 1

�

H7 �
�2�H5�

�XWTC � ������
H6

p � ������
H6

p H5 � sinh2 w � sin2
’� ’d

2

H6 � X2
WTC � 2

�
sinh2 w � sin2

’� ’d
2

�
�1 � cos�’ � ’d��

(53)

Normalwash un�’�
Using the definition of the small-perturbation velocity potential,

the normalwash is

un�’� �
�
1

h

@�

@ 

�
 � w ;X�0

(54)

Introducing the definitions

A �’; ’d� �
sinh2 wcosh

2 w
fsinh2 w � sin2��’� ’d�=2�g2

B�’; ’d� �
1
2
cosh�2 w�

sinh2 w � sin2��’� ’d�=2�

(55)

the normalwash can be written as

un�’� �
1

8	cV1hw’

Z
2	

0

m�’d��A�’; ’d� � B�’; ’d�� d’d

� 1

8	cV1hw’
�
Z

2	

0

m�’d�
1 � cos�’ � ’d�

d’d (56)

Total Lifting Force

Based on the convention for the positive sign of the doublet axis,
the aerodynamic force, which acts outward from the local center of
curvature, has the expression given in Eq. (33). The local normal
direction is the aerodynamic force direction. The expression of the
unit vector which acts outward from the local center of curvature is

N d ��nd �
cos’d sinh w

hw’d
j� sin ’d cosh w

hw’d
k (57)

Nd has modulus one. Thus, the z-component represents the quantity
sin� (see Fig. 6):

sin�� �Nd�z �
sin’d cosh w

hw’d
(58)

The local lift is

L�’d� � F�’d� sin�� �1m�’d�
cosh w sin’d

hw’d
(59)

Using Eq. (46) and the relation c cosh w � bw, and after integration
over the lifting line, the total lifting force is
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L�’d�hw’d d’d � �1bw
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0

m�’d� sin ’d d’d (60)

The coefficient of lift is

CL �
L

1
2
�1V214bwl

� 1

2V21l

Z
2	

0

m�’d� sin ’d d’d (61)

Evaluation of the Induced Drag

The induced drag is found using the same procedure adopted for
the circular annular wing (as for the circular wing we focus on the
case inwhich the doublet distributionm is zero at the endpoints of the
integral):
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V1

�
chw’d d’d (62)

Substitution of the expression of the normalwash [Eq. (56)],
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The coefficient of induced drag is obtained after dividing the
preceding expression by 1

2
�1V214bwl:
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1� cos�’ � ’d�

d’d d’ (64)

Aerodynamic Analysis of an Elliptical Annular
Wing with bw < aw

Because the same procedure used for the preceding cases is
adopted for an ellipse with bw < aw, only the principal relations are
reported.

Derivation of the Expression of the Small-Perturbation Acceleration

Potential

The coordinate system is slightly different than the system adopted
in the case of elliptical annular wing with bw > aw. In particular, the
transformation is

y� c sinh cos’ 0 	 ’ 	 2	
z� c cosh sin ’  > 0

(65)

The ellipse with semiaxes aw and bw is obtainable when

aw � c cosh w bw � c sinh w (66)

From the last equations,

c2 � a2w � b2w cosh2 w � a2w
a2w � b2w

sinh2 w � b2w
a2w � b2w

(67)

The ellipse representing the lifting line is

y� c sinh w cos’ 0 	 ’ 	 2	
z� c cosh w sin ’  w > 0

(68)

As has been done for the case in which bw > aw, it is possible to find
the relation

ds2 � dy2 � dz2 � c2�sinh2 � cos2’��d 2 � d’2�
� �h2�d 2 � d’2� (69)

Now consider the ellipse w. It is possible to show that the
infinitesimal arc has the dimension (the definition
�hw’d �

�������������������������������������
sinh2 w � cos2’d

p
is used)

d sd � c
�������������������������������������
sinh2 w � cos2’d

p
d’d � c �hw’d d’d (70)

The small-perturbation acceleration potential has equation
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d’d (71)

where

�H 3 � sinh� �  w� cos�’ � ’d� � sinh� �  w� cos�’� ’d�
� sinh 2 w

�H4 � X2 � sinh2 � sin2’� sinh2 w � sin2’d

� cosh� �  w� cos�’ � ’d� � cosh� �  w� cos�’� ’d�

Small-Perturbation Velocity Potential

The small-perturbation velocity potential is
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8	V1
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m�’d�
�H3

�H4 � X2

�
X�������
�H4

p � 1

�
d’d (72)

WTC Using Weissinger’s Approach

Using Weissinger’s approach, the integral equation in the
unknown doublet distribution can be written as

� ��’� � 1

8	cV21 �hw’

�Z
2	

0

m�’d�� �T1 � �T2 � �T3� d’d

� 2�
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�
(73)

where

�h w’ �
���������������������������������������
�sinh2 w � cos2’�

p

�T1 �
XWTCcosh

2 wsinh
2 w�1 � cos�’ � ’d��

� �H5�� �H6�32

�T2 �
cosh2 w cos�’ � ’d� � sin ’ sin’d

� �H5�
�H7 �

cosh�2 w�
� �H5�

�T3 �
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� �H5�2
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XWTC�������

�H6

p � 1

�

�H7 �
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�H6

p
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�������
�H6

p �H5 � sinh2 w � cos2
’� ’d

2

�H6 � X2
WTC � 2

�
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’� ’d
2

�
�1 � cos�’ � ’d��

(74)

Fig. 6 Calculation of the lifting force.
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Normalwash un�’�
Introducing the definitions

�A�’; ’d� �
sinh2 wcosh

2 w
fsinh2 w � cos2��’� ’d�=2�g2

�B�’; ’d� �
1
2
cosh�2 w�

sinh2 w � cos2��’� ’d�=2�

(75)

the normalwash can be demonstrated to be
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1 � cos�’ � ’d�

d’d (76)

Total Lifting Force

The aerodynamic force, which acts outward from the local center
of curvature, has the expression given in Eq. (33). The local normal
direction is the aerodynamic force direction. The expression of the
unit vector which acts outward from the local center of curvature is

N d ��nd �
cos’d cosh w

hw’d
j� sin’d sinh w

hw’d
k (77)

Thus

sin�� �Nd�z �
sin ’d sinh w

�hw’d
(78)

The local lift is

L�’d� � F�’d� sin�� �1m�’d�
sinh w sin ’d

�hw’d
(79)

Using the relations dsd � c �hw’d d’d and c sinh w � bw, integrating
over the lifting line, the total lifting force is
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The coefficient of lift is
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L
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2
�1V214bwl

� 1

2V21l
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0

m�’d� sin ’d d’d (81)

Evaluation of the Induced Drag

The induced drag has expression (as for the circular wingwe focus
on the case in which the doublet distribution m is zero at the
endpoints of the integral)
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Substituting the expression of the normalwash,
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The coefficient of induced drag is
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1 � cos�’ � ’d�

d’d d’ (84)

Aerodynamic Analysis of Elliptical Lifting Arcs

It is interesting to compare C-wings and closed wing systems (see
Fig. 7) using the theoretical technique exposed in the preceding
sections. Particularly useful is the comparison between the elliptical
annular wing and the corresponding arcs (see Fig. 7). The elliptical
lifting arcs are useful to describe the physical behavior of C-wings
and winglets. However, other aspects of the design (aeroelasticity,
for example) should be taken into account when studying a wing
system [3].

Convex Elliptical Lifting Arcs

The convex elliptical lifting arcs (see Fig. 8) can be studied
similarly, as has been done for the other wings. This means using a
doublet distribution, writing the small-perturbation acceleration
potential, imposing Weissinger’s condition and finding the integral
equation. But there is a simpleway to achieve the samegoal: the same
equations (appropriately modified) used for the corresponding
annular wings can be used. Using the linearity of the equations, it can
be easily seen that the difference between the annular wings and their
arcs obtained from them is (from a mathematical point of view) only
in the integration domain.However, the doublet distribution has to be
zero at the tips of the wing and this does not happen, in the most
general case, in the closed-wing systems. This fact allows one to
write the external integral of the coefficient of the induced drag as a
standard integral. Consider an elliptical annular wing with bw > aw.
Referring to Fig. 8, it is clear that the lift and induced drag have
expressions [see Eqs. (60) and (63)]

L� �1bw

Z
�2

�1

m�’d� sin ’d d’d (85)
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where (see Fig. 8)

�1 �
3

2
	 � "	 �2 �

3

2
	� "	 (87)

Notice that the doublets’ axes are directed toward the local center as
the corresponding annular wing. In the case of arcs that come from an
ellipse with bw < aw, the expression of the lift is still Eq. (85) and the
induced drag is

Fig. 7 Elliptical annular wing and elliptical lifting arcs.
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In the case of arcs that come from a circular (in which Rw � bw), the
induced drag is
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�1

m�’d�
1 � cos�’ � ’d�

d’d d’ (89)

and the lift is still obtained using Eq. (85). The coefficients of lift and
induced drag are obtained dividing the lift and induced drag by
1
2
�1V21S, where S is a reference surface. S can be chosen as the

projection of the wing on plane x–y:

S� 2lbw sin�"	� if " < 1
2

S� 2lbw if " � 1
2

(90)

S can also be chosen to be equal to 4bwl, to have an easy comparison
with the elliptical annular wing.

Concave Elliptical Lifting Arcs

The concave elliptical lifting arcs (see Fig. 9) can be studied
similarly, as in the preceding section. Formally, Eqs. (85), (86), (88),
and (89) are still valid. Only the definitions of �1 and �2 (see Fig. 9)
are different:

�1 �
	

2
� "	 �2 �

	

2
� "	 (91)

Transformation of the Variables

Several wing systems have been analyzed so far: annular wings
and arcs (C-wings). To solve the equations numerically, it is
convenient to change the variables to have all integralswith limits�1
and �1. In all cases examined here the singularity is internal to the

interval of integration. Therefore the changing of variables, in the
Hadamard integrals, is possible without adding extra terms [17]. For
each of the case, the expressions of the coefficient of lift and induced
drag is rewritten in the new coordinates.

Circular Annular Wing

The following transformation is used:

’d � 	�t� 1� ’� 	�s� 1� (92)

The coefficients of lift and induced drag are
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�
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(94)

Elliptical Annular Wing with bw > aw

The transformation used is presented in Eq. (92). The coefficient
of lift is expressed by Eq. (93). The coefficient of induced drag is
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where

A �t; s� � sinh2 wcosh
2 w

fsinh2 w � sin2�	�t� s�=2�g2

B�t; s� �
1
2
cosh�2 w�

sinh2 w � sin2�	�t� s�=2�

(96)

Elliptical Annular Wing with bw < aw

Equation (92) is used. The coefficient of lift is given in Eq. (93).
The coefficient of induced drag is

CDi �� 	

16bwlV
41

Z �1

�1
m�s�

Z �1

�1
m�t�� �A�t; s� � �B�t; s�� dt ds

� 	

16bwlV
41

Z �1

�1
m�s��

Z �1

�1

m�t�
1 � cos�	�t � s�� dt ds (97)

where

�A�t; s� � sinh2 wcosh
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Convex Arcs Obtained from a Circular Annular Wing

Using the transformation

’d �
3

2
	� "	t ’� 3

2
	� "	s (99)

the coefficients of lift and induced drag become

CL �� 2"	Rw
SV21

Z �1

�1
m�t� cos�"	t� dt (100)

Fig. 8 Convex elliptical lifting arcs. Geometry and notations.

Fig. 9 Concave elliptical lifting Arcs. Geometry and notations.
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Concave Arcs Obtained from a Circular Annular Wing

Using the transformation

’d �
	

2
� "	t ’� 	

2
� "	s (102)
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Note that the expression of the coefficient of induced drag is formally
the same as Eq. (101).

Convex Arcs Obtained from an Elliptical Annular Wing with bw > aw

Using the transformation (99)

CL �� 2"	bw
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m�t� cos�"	t� dt (105)
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where

C �t; s; "� � sinh2 wcosh
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fsinh2 w � cos2�"	�t� s�=2�g2
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sinh2 w � cos2�"	�t� s�=2�

(107)

Concave Arcs Obtained from an Elliptical Annular Wing with bw > aw

The transformation used is reported in Eq. (102). The expression
of the coefficient of induced drag is formally identical to Eq. (106).
The expression of the coefficient of lift is formally identical to
Eq. (105); the only difference in this case is the sign (which is
positive).

Convex Arcs Obtained from an Elliptical Annular Wing with bw < aw

Using the transformation (99) it is possible to demonstrate that the
coefficient of lift is represented by Eq. (105). The coefficient of
induced drag is
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where

�C�t; s; "� � sinh2 wcosh
2 w

fsinh2 w � sin2�"	�t� s�=2�g2

�D�t; s; "� �
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(109)

Concave Arcs Obtained from an Elliptical Annular Wing with bw < aw

Using Eq. (102), it is possible to show that the expression of the
coefficient of lift is formally identical to Eq. (105); the only
difference in this case is the sign (which is positive). The coefficient
of induced drag is formally identical to Eq. (108).

Annular Wings: Minimum Induced Drag

Circular Annular Wing

To find the doublet distribution corresponding to the minimum
induced drag when the wing span is fixed and the coefficient of lift is

fixed (for example,CL � �CL), the expressions (93) and (94), and the
Euler–Lagrange Eq. (17) have to be used. Before these operations, it
should be noticed that the circular wing does not have a unique
optimal solution because the wing is a closed wing system (this will
be demonstrated later). Thus, ifmopt is a solution for theminimization
problem, the distributionm0

opt �mopt � const is a solution too. In the
particular case in which const� 0, the optimal distribution is called
fundamental distribution. The definition of the fundamental
distribution is then an arbitrary quantity. Considering the symmetry
of the wing system, the optimal fundamental doublet distribution
mopt is chosen to be the one that is zero at the points y��bw. With
this choice, the fundamental distribution will be zero in both the
limits of the integrals (’� 0 and ’� 2	 or t��1 and t��1).
This justifies the assumption earlier adopted [m�0� �m�2	� � 0] in
the expression of the induced drag.

In the case of circular wing the following relations are valid:
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16RwlV
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2V21l
g2 � sin�	t�

R �Y�t; s� � 0 S �Y�t; s� � 1

1 � cos�	�t � s��
�C� �CL

(110)

The system represented by the Euler–Lagrange equation (Eq. (17))

and the constraint CL � �CL will be8>>><
>>>:

1

4RwV
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Z �1
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mopt�s�
1 � cos�	�t � s�� ds � � sin�	t� � 0

�CL �� 	

2V21l

Z �1

�1
mopt�t� sin�	t� dt

(111)

Analytical Solution of the Euler–Lagrange Equation

Examination of the system of Eqs. (111) shows that the function
sin�	t� appears explicitly in both equations. This function is a
continuous and periodical function, as it has to be for mopt. The
function is zero when t��1 and t� 0 (which correspond to
y��bw), as is expected. Therefore, the aim is to verify whether this
function satisfies the system (111). The following expression of the
optimal distribution is assumed:

mopt�t� � k sin�	t� k real number (112)

In Appendix B it is shown that under the assumption (112) the
integral is

�
Z �1

�1

mopt�s�
1 � cos�	�t � s�� ds��2k sin�	t� (113)

Substitution into Eq. (111) shows that it is satisfied. From the
equation representing the constraint, the value of k can be found.
Thus, the optimal distribution is

mopt�t� � � 2lV21 �CL
	

sin�	t� (114)

and the Lagrange multiplier is

�� l �CL
	Rw

(115)
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The normalwash under optimal conditions is

�un�opt�t� �
1

8V1Rw
�
Z �1

�1

mopt�s�
1� cos�	�t � s�� ds

� 1

8V1Rw

�
4lV21 �CL
	

sin�	t�
�
� lV1 �CL

2	Rw
sin�	t� (116)

In the original variables (it is not important if ’ or ’d is used) the final
expressions of the fundamental optimal doublet distribution and of
the normalwash are

mopt�’� �
2lV21 �CL
	

sin ’ �un�opt�’� � � lV1 �CL
2	Rw

sin’ (117)

The coefficient of minimum induced drag is (the subscript bw=aw �
1 is used to underline that the coefficient is referred to the circular
annular wing, where aw � bw � Rw)

��CDi�opt�bw=aw�1 �
l �C2

L

2	Rw
(118)

To compare thewing performancewith a classical wing, it is better to
calculate the minimum induced drag and efficiency from the
definitions of coefficients of induced drag and lift:

��Di�opt�bw=aw�1 �
�L2

2	q�2Rw�2
��E�opt�bw=aw�1 �

2	q�2Rw�2
L

(119)

where q� 1
2
�1V21. Now consider a classical cantilevered wingwith

the same total lifting force and the same wing span 2bw (notice that
for circular wing bw � Rw). The efficiency under optimal condition
is calculated using an elliptical distribution:

��E�opt�ref �
	q�2bw�2

�L
(120)

Hence, using (119), it is deduced that

��E�opt�bw=aw�1

��E�opt�ref � 2 (121)

This last result shows the great aerodynamic advantage of the closed-
wing system. It is also in perfect accord with the known value found
by Cone [19].

The Euler–Lagrange equation can be solved numerically [6]. This
last calculation has been performed [14] and it has shown excellent
correlation with the analytical values reported here.

According to the notation reported in Appendix C of [6], the
numerical analysis has been performed using N � 20 collocation
points.M� 200 nodes were used in the quadrature formulas for the
Hadamard integrals {see Eq. (C2) of [6]}.

Verification of Munk’s Minimum Induced Drag Theorem

Munk’s [20] minimum induced drag theorem states:

When all the elements of a lifting system have been translated into a
single plane (Munk’s stagger theorem), the induced drag will be
minimum when the component of the induced velocity normal to
the lifting element at each point is proportional to the cosine of the
angle of inclination of the lifting element at that point.

This theorem is explained graphically in Fig. 10. If the doublet
distribution mopt [Eq. (117)] is effectively the fundamental optimal
distribution, Munk’s minimum induced drag theorem has to be
satisfied (see Fig. 11). Thus

�un�opt
cos#

���lV1 �CL sin’�=�2	Rw�
sin ’

�� lV1 �CL
2	Rw

� const (122)

The theorem is verified.

Doublet Distribution of Minimum Induced Drag: Nonuniqueness of the

Solution

The solution is not unique. In particular, ifmopt is a solution for the
minimization problem, the distribution m0

opt �mopt � const is a
solution too. This property can be verified for the circular wing. To
demonstrate the property, it is sufficient to show that for a constant
doublet distribution the lift and induced drag are zero. The first
verification is very simple and is omitted here. The second property,
however, will be verified.

Suppose that m� const� �m. If the doublet distribution is
constant, then the circulation is constant and the induced drag (which
depends on the gradients of the circulation) is zero. This can also be
directly verified by calculating the inner integral of the induced drag
coefficient (under the assumption of constant doublet distribution):

�
Z

2	

0

m�’d�
1 � cos�’d � ’�

d’d � �m�
Z

2	

0

1

1� cos�’d � ’�
d’d � 0

(123)

The inner integral is zero and so the induced drag (which is its
integral) is zero as well.

Minimum Induced Drag in an Elliptical Annular Wing with bw > aw

Most of the derivations and theoretical considerations are still
valid. Therefore some details will be omitted. In the case of annular
wing with bw > aw, the following relations are valid:

C1 �� 	

16bwlV
41

C2 �� 	

2V21l
g2 � sin�	t�

R �Y�t; s� �A�t; s� � B�t; s� S �Y�t; s� � 1

1 � cos�	�t � s��
�C� �CL

(124)

The Euler–Lagrange equation [Eq. (17)] is in this case

Fig. 10 Munk’s minimum induced drag theorem in a nonplanar wing.

Fig. 11 Circular annular wing and Munk’s minimum induced drag

theorem.
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8>>>>>>>>>>><
>>>>>>>>>>>:

� 1

4bwV
21

Z �1

�1
mopt�s��A�t; s� � B�t; s�� ds

� 1

4bwV
21
�
Z �1

�1

mopt�s�
1 � cos�	�t � s�� ds � � sin�	t� � 0

�CL �� 	

2V21l

Z �1

�1
mopt�t� sin�	t� dt

(125)

Analytical Solution of the Euler–Lagrange Equation

Equation (125) is quite similar to Eq. (111) valid for the circular
annular wing. Therefore, a solution in the form (112) is sought.
Equation (125) can be written in a more concise form as

8>>><
>>>:
� 1

4bwV
21
IA �

1

4bwV
21
IB �

1

4bwV
21
IC � � sin�	t� � 0

�CL �� 	

2V21l

Z �1

�1
mopt�t� sin�	t� dt

(126)

The Hadamard integral is calculated in Appendix A: IC�
�2k sin�	t�. The regular integrals do not show particular problems.
It can be shown that

IA ��2k sin�	t�
sinh 2 w

IB � 2k sin�	t� cosh�2 w�
�
1 � cosh 2 w

sinh 2 w

� (127)

Substituting IA, IB, IC in the system (126)

8>>><
>>>:
�� l �CL

	bw
�cosh 2 w � sinh 2 w � 1�

k�� 2lV21
	

�CL

(128)

using the relations

cosh 2 w � 2cosh2 w � 1� 2
b2w

b2w � a2w
� 1� b2w � a2w

b2w � a2w
sinh 2 w � 2 cosh w sinh w � 2

bw������������������
b2w � a2w

p aw������������������
b2w � a2w

p

� 2
awbw
b2w � a2w

(129)

the Lagrange multiplier becomes

�� 2l �CL
	�bw � aw�

(130)

Notice that, if bw ! aw � Rw (circular annular wing),

�� �l �CL�=�	Rw�, as has been found for the circular annular wing.
Consider the normalwash [Eq. (56)]. Changing the variables in t, s
and using the expressions for the integrals IA, IB, and IC, it can be
obtained the normalwash under optimal conditions (notice that when
bw ! aw � Rw the normalwash of the circular wing under optimal
conditions is obtained):

�un�opt �� sin ’ cosh w
hw’

lV1 �CL�cosh w � sinh w�
c	

(131)

In Fig. 12, the optimal fundamental doublet distribution is shown for
a particular case. Using the quantities IA, IB, and IC the coefficient of
minimum induced drag can be calculated:

��CDi�opt�bw=aw>1 �
l �C2

L

	�bw � aw�
(132)

and the corresponding induced drag is

��Di�opt�bw=aw>1 �
�L2

	q�1� aw=bw��2bw�2
(133)

The optimal aerodynamic efficiency is

��E�opt�bw=aw>1 �
	q�1� aw=bw��2bw�2

�L
(134)

Using the expression of the efficiency in a classical cantileveredwing
with the same total lifting force and the same wing span 2bw,

��E�opt�bw=aw>1
��E�opt�ref � 1� aw

bw
(135)

From the preceding equation, it is clear that 1< ��E�opt�bw=aw>1=��E�opt�ref < 2. It is also clear that

lim
aw!0

��E�opt�bw=aw>1
��E�opt�ref

� 1 (136)

lim
aw!bw

��E�opt�bw=aw>1
��E�opt�ref

� 2 (137)

The elliptical annular wing with bw > aw has the same induced drag
(under optimal condition) as a cantilevered classical wing when
aw ! 0. Moreover, the elliptical annular wing with bw > aw has the
same induced drag (under optimal condition) as a circular annular
wing when aw ! bw. This is in perfect accord with the results
obtained by Cone [19]. The numerical solution of the Euler–
Lagrange equation confirmed these theoretical predictions.

Verification of Munk’s Minimum Induced Drag Theorem

In this case it can be seen that

cos#� sin�� cosh w sin ’

hw’
(138)

Using this expression, Munk’s minimum induced drag theorem can
be shown to be satisfied:

�un�opt
cos#

����cosh w sin’�=hw’�f�lV1 �CL�cosh w � sinh w��=�	c�g
�cosh w sin’�=hw’

�� lV1 �CL�cosh w � sinh w�
	c

� const (139)

Fig. 12 Elliptical annular wing with bw > aw. Doublet distribution

under optimal conditions.
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Doublet Distribution of Minimum Induced Drag: Nonuniqueness

of the Solution

As for the circular wing, it is sufficient to prove that the coefficient
of lift and induced drag for a distribution m� const� �m is zero.
This is clear if it is considered again that the induced drag depends on
the gradient of the circulation. Mathematically it can be shown as
follows. The Hadamard integral of the induced-drag expression is
formally identical to the one found for the circular annular wing.
Therefore, ifm� const� �m then the Hadamard integral is zero [see
Eq. (123)]. The part of the induced-drag coefficient which contains
only regular integrals is

Creg
Di

�� �m2	

16bwlV
41

Z �1

�1
�I0A � I0B� ds (140)

where

I0A �
Z �1

�1
A�t; s� dt� cosh�2 w�

sinh w cosh w

I0B �
Z �1

�1
B�t; s� dt� cosh�2 w�

sinh w cosh w
� I0A

(141)

Therefore, CDi � 0. Thus, the property is demonstrated.

Minimum Induced Drag in an Elliptical Annular Wing with bw < aw

The derivation of the Euler–Lagrange is straightforward and is
omitted here. For details it is sufficient to refer to the elliptical annular
wing in which bw > aw. It is possible to show that

�� 2l �CL
	�bw � aw�

(142)

mopt�’� �
2lV21 �CL
	

sin�’� (143)

�un�opt �� sin ’ sinh w
�hw’

lV1 �CL�cosh w � sinh w�
c	

(144)

The coefficient of minimum induced drag is

��CDi�opt�bw=aw<1 �
l �C2

L

	�bw � aw�
(145)

The corresponding induced drag is

��Di�opt�bw=aw<1 �
�L2

	q�1� aw=bw��2bw�2
(146)

whereas the aerodynamic efficiency is

��E�opt�bw=aw<1 �
	q�1� aw=bw��2bw�2

�L
(147)

Using the expression of efficiency in a classical cantilevered wing
with the same total lifting force and the same wing span 2bw,

��E�opt�bw=aw<1
��E�opt�ref � 1� aw

bw
(148)

In the preceding equation, notice that 2< ��E�opt�bw=aw<1=��E�opt�ref<1. It is also clear that

lim
aw!bw

��E�opt�bw=aw<1
��E�opt�ref

� 2 (149)

lim
aw!1

��E�opt�bw=aw<1
��E�opt�ref

�1 (150)

The elliptical annular wing with bw < aw has the same induced drag
(under optimal condition) as a circular wing when aw ! bw.
Moreover, the elliptical annular wing with bw < aw has infinite
efficiency when aw ! 1.

But this does not mean that, effectively, this condition can be
reached, because other aspects of the problem should be considered.
For example, the weight of the wing was not taken into account. If it
were, then, clearly, the condition aw ! 1 would imply infinite
weight and this is not acceptable. However, these analyses show that
the aerodynamic of the closed-wing system is very good.

Verification of Munk’s Minimum Induced Drag Theorem

If the doublet distribution mopt is effectively the fundamental
optimum distribution, Munk’s minimum induced drag theorem has
to be satisfied. Using the relation

cos#� sin�� sinh w sin’
�hw’

(151)

it is easy to verify that the theorem is satisfied:

�un�opt
cos#

����sinh w sin’�= �hw’�f�lV1 �CL�cosh w � sinh w��=�	c�g
�sinh w sin’�= �hw’

�� lV1 �CL�cosh w � sinh w�
	c

� const (152)

The nonuniqueness of the solution can be demonstrated using the
same procedure shown for the case in which bw > aw. This
demonstration is omitted here because it does not add new
information.

Annular Wings and Classical Wings: Comparison

The obtained results are summarized in this section. The ratio
between the aerodynamic efficiency of the annular wings and the
efficiency of the classical cantilevered wings is reported in Fig. 13.

Elliptical Annular Wing and Biplane: Comparison

Following the same procedure, the conditions that guarantee the
minimum induced drag can be found, also, for the biplane [6]. But it
is interesting to understand when an elliptical annular wing will be
better than a biplane (both under the condition of minimum induced
drag). First of all, it must be decided which is the best ellipse to
compare with the biplane. Considering the fact that the ellipse has
curved extremities, a biplane with the distance between the wings
equal to H can be compared with an elliptical annular wing with
aw �H (this is not the only possible choice). The optimal induced-
drag coefficient is compared in Fig. 14. The reference surface in both
cases and in the cantilevered wing (the reference value) is the same:
S� 4bwl. From Fig. 14, it is clear that, for small aspect ratio, the
annular wing and biplane show similar behavior, whereas for high
aspect ratio the tendency is the opposite (the biplane has a minimum
value of induced drag equal to half the induced-drag of a classical
wing when the wings are indefinitely distant, whereas an elliptical
annular wing does not have this limit).

Elliptical Lifting Arcs: Minimum Induced Drag

In this section, the condition corresponding to the minimum
induced drag will be studied, as was done for the annular wings and
the biplane [6]. The results will be compared with the classical
cantilevered wing and with the corresponding annular wing and with
the literature [19]. The most advantageous point to close the wing is
found and the differences between annular wings and C-wings [3]
understood. Kroo’s results will be confirmed: the C-wings have
similar induced drag to that of the closed wing systems. The purpose
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of the present analyses is to demonstrate that this formulation is a
good tool for the preliminary study of new configurations.

Minimum Induced Drag in a Convex Elliptical Lifting Arc

Only the case in which bw > aw is analyzed in detail. The others
are similar. Consider Eqs. (105), (106), and (17). It appears clear that
in this case the following relations are valid:

C1 �� "2	

4SV41
C2 �� 2"	bw

SV21
g2 � cos�"	t�

R �Y�t; s� � C�t; s; "� �D�t; s; "� S �Y�t; s� � 1

1� cos�"	�t � s��
�C� �CL

(153)

Therefore, the system represented by the Euler–Lagrange and the
constraint is

8>>>>>>>>>>><
>>>>>>>>>>>:

� "

2V21

Z �1

�1
mopt�s��C�t; s; "� �D�t; s; "�� ds

� "

2V21
�
Z �1

�1

mopt�s�
1 � cos�"	�t � s�� ds � 2bw� cos�"	t� � 0

�CL �� 2"	bw
S2V21

Z �1

�1
mopt�t� cos�"	t� dt

(154)

Minimum Induced Drag in a Concave Elliptical Lifting Arc

Only the case in which bw > aw is analyzed in detail. The others
are similar. It appears clear that in this case the following relations are

valid:

C1 �� "2	

4SV41
C2 �� 2"	bw

SV21
g2 � cos�"	t�

R �Y�t; s� � C�t; s; "� �D�t; s; "� S �Y�t; s� � 1

1 � cos�"	�t � s��
�C� �CL

(155)

Therefore, the system represented by the Euler–Lagrange and the
constraint is8>>>>>>>>>>><

>>>>>>>>>>>:

� "

2V21

Z �1

�1
mopt�s��C�t; s; "� �D�t; s; "�� ds

� "

2V21
�
Z �1

�1

mopt�s�
1 � cos�"	�t � s�� ds� 2bw� cos�"	t� � 0

�CL �� 2"	bw
SV21

Z �1

�1
mopt�t� cos�"	t� dt

(156)

Convex and Concave Elliptical Lifting Arcs: Comparison Under

Optimal Conditions

Consider a convex arc and a concave arc that come from the same
annular wing. Suppose also that the parameter " is the same in both
the arcs. Let �mopt�convex be the optimal distribution of the convex arc.
By definition, �mopt�convex satisfies both equations of the system (154).

Now, focus on the concave arc. �mopt�concave is the unknown optimal
doublet distribution. If it is chosen as

�mopt�concave ���mopt�convex (157)

then the constraint [second equation of the system (156)] is satisfied.
In fact, the constraint of the concave arc becomes formally identical
to the constraint valid for the convex arc and, by definition,
�mopt�convex satisfies this constraint. If Eq. (157) is substituted into the
Euler–Lagrange equation of a concave arc [first expression of the
system (156)], in a formal point of view, the Euler–Lagrange
equation of a convex arc [first expression of the system (154)] is the
obtained result. And this is then satisfied because, again, by
definition �mopt�convex satisfies the first relation of the system (154).
Considering, also, that the expression for the coefficient of induced
drag is formally identical for convex and concave arcs with the same
parameter " [see Eq. (106)] and that the coefficient of induced drag
does not change if the distribution is changed in sign, it can be
deduced that the convex arc and the concave arc have the same

Fig. 14 Biplane and elliptical annular wing under optimal conditions.

Fig. 13 Efficiency of the annular wings. Comparison with Cone’s [19] results.
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optimal induced drag. Considering also the positive axis direction
for the doublet distribution (always toward to the local center of
curvature) it appears clear that Eq. (157) states that the distribution
over the arcs is the same (the sign is only a result of the positive
convention chosen for the doublet distributions). The only difference
between the two cases is in the induced lift not considered here
[14,19].

Comparison Between Annular Wings and C-wings (Lifting Arcs)

First, the present method is validated using a result from Cone’s
paper [19]. Cone plots the efficiency ratio �E�opt=�E�ref against the
a=b ratio. As shown in Fig. 15, the present optimization procedure
shows excellent correlation. In Fig. 16, the arcs with bw=aw 
 1 are
studied. In particular, the efficiency ratio with the angle 2"	 is
analyzed. Clearly, when 2"	
 0, the curvature effects are
negligible, and the efficiency is almost the same as the optimally
loaded classical wing. But when the angle is increased, an increment

of the efficiency can be observed. This is particularly evident in the
range 150

180
	 	 2"	 	 210

180
	, where the efficiency ratio increases by

33%. Moreover, it can be noticed that, when the arcs tend to be a
closed curve, the induced drag is practically the same as the induced
drag of the corresponding circular annular wing (remember that, in
Fig. 16, bw=aw 
 1). It is of interest to analyze how the optimal
doublet distribution changeswhen the angle 2"	 is changed andwhat
is the difference between the doublet distribution in the annular wing
and the arc with 2"	
 2	 (in all cases the coefficient of lift is
calculated using the reference surface given by Eq. (90); moreover,
the reference efficiency is calculated using the formula relative to the
classical wing with the same wing span and lift). Consider

Fig. 15 Elliptical lifting arcs. Comparison with the literature [19].

Fig. 16 Elliptical lifting arcs under optimal conditions. Comparison
with a classical wing.

Fig. 17 Optimal doublet distribution.

Fig. 18 Optimal doublet distribution.

Fig. 19 Optimal doublet distribution.

Fig. 20 Optimal doublet distribution.

Fig. 21 Optimal doublet distribution.
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Figs. 17–22. The following results can be noticed (if it is not said

otherwise, consider, in all cases, �CL � 1):
Result 1: The elliptical lifting arcs (and, in general, all arcs) have

the same efficiency (under optimal conditions) as an optimally
loaded classical wing when " is small. Moreover, the doublet
distribution is almost elliptical (see Fig. 17). This is an intuitive
result: when "! 0, the curvature effects are negligible and the
elliptical lifting arcs are practically a classical wing.

Result 2: When " is not small, the efficiency increases and the
doublet distribution is not an ellipse anymore. This is particularly
true when the arc is almost a closed curve (see Figs. 18–22).

Result 3:When the arc is almost a closed curve (but still an arc) the
induced drag is the same as the induced drag of the corresponding
annular wing (see Fig. 22).

Result 4: The optimal doublet distribution is always different than
zero, except at the tip of the wing. This is a very different situation
with respect to what have been seen in the annular wings, where the
fundamental distribution was sinusoidal. This property is also valid
when the arc is almost a closed curve.

Figure 23 shows the nondimensional optimal doublet distribution
on the lifting arcs.

The fact that the C-wing and the corresponding closed wing
system have almost the same induced drag can be understood as
follows: consider Fig. 24. It is possible to add a constant circulation
distribution (notice that, in Fig. 24, the optimal circulation
distribution in the boxwing system is considered [8]) in such away as
to reduce the load in the upper wing and increase the aerodynamic
load in the lower wing without changing the total load and induced
drag. As can be seen in Fig. 24, after this ideal operation the upper
wing is almost with no load which explains, in a qualitative way, the
similar efficiency between the boxwing and the C-wing [3]. Another
important observation is that in the annular wings (and in general in
the closed-wing systems) it is possible to add a constant distribution
without penalty on the induced drag.As a consequence, in the closed-
wing systems it is possible to change the load distribution (see
Fig. 24) over the wings without penalty on the induced drag.

Extensions

The procedure presented here is general and can be used for other
wing systems. Particular attention, however, has to be paid to the
mathematical formulation. Suppose, for example, a nonplanar wing
is to be studied and that the lifting line can be mathematically
represented using n equations which represent n different curves (in
the biplane n� 2, in the circular wing n� 1). The number of
unknowns will be n� 1 (the distributions over the curves
representing thewing system plus the Lagrangemultiplier in the case
of one constraint) and a system of integral equations has to be solved.
Thus, the procedure shown here has to be modified and a numerical
technique able to solve such systems of equations has to be
introduced. Another important aspect which may introduce errors is
the Hadamard integral calculation. In fact, if a wing system is (for
example) made by two curves that are joined at a point, in such point
the doublet distribution is in general different than zero. This
complicates the formulation of the Hadamard integral: the
singularity is not contained in the integration domain only, but also
it can be in one (or in both) limit of the integrals. This is not a
complicated problem, but different quadrature formulas have to be
used.

Fig. 22 Optimal doublet distribution.

Fig. 23 Optimal doublet distribution.

Fig. 24 Box wing and C-wing. An intuitive comparison.
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Conclusions

Results obtained by the present procedure are in excellent
correlation with the available results from the literature. It has been
analytically demonstrated that closed wing systems have practically
the same induced drag as the C-wings. In the closed-wing systems
case it is possible to add a constant distribution without altering the
total lifting force and the induced drag, whereas in the C-wing case,
the distribution must be zero at the tips and, therefore, this operation
cannot be done.

The procedure presented in the paper is general. It is especially
practical and very useful for wing systems with only few different
curves which define the integration path, such as parabolic arcs,
hyperbolic arcs, sinusoidal arcs, closed-wing systems, and so forth.
Once the optimal doublet distributions (in general, more than one
curve is used for a wing system) are calculated, the corresponding
twist distributions can be calculated using the integral equations
which represent the wall tangency condition. Instead of finding the
distributions mi given the twists �i (direct problem), the equations
can be used in the inverse way: given the optimal distributions, the
optimal twist can be obtained. Note that the chord is kept constant in
these analyses.

Appendix A: Derivation of the Euler–Lagrange
Equation

The result of the first step is

J�C1

Z �1

�1
�mopt�s� � ��1�s��

Z �1

�1
�mopt�t� � ��1�t��R �Y�t; s�dt ds

�C1

Z �1

�1
�mopt�s� � ��1�s���

Z �1

�1
�mopt�t�

� ��1�t��g1�t; s�Y�t; s� dt ds (A1)

From this expression, the derivative with respect to � can be
calculated:

dJ

d�
� C1

Z �1

�1
�1�s�

Z �1

�1
�mopt�t� � ��1�t��R �Y�t; s� dt ds

� C1

Z �1

�1
�mopt�s� � ��1�s��

Z �1

�1
�1�t�R �Y�t; s� dt ds

� C1

Z �1

�1
�1�s��

Z �1

�1
�mopt�t� � ��1�t��g1�t; s�Y�t; s� dt ds

� C1

Z �1

�1
�mopt�s� � ��1�s���

Z �1

�1
�1�t�g1�t; s�Y�t; s� dt ds (A2)

The derivative, calculated for � � 0, is

�
dJ

d�

�
��0

� C1

Z �1

�1
�1�s�

Z �1

�1
mopt�t�R �Y�t; s� dt ds

� C1

Z �1

�1
mopt�s�

Z �1

�1
�1�t�R �Y�t; s� dt ds

� C1

Z �1

�1
�1�s��

Z �1

�1
mopt�t�g1�t; s�Y�t; s� dt ds

� C1

Z �1

�1
mopt�s��

Z �1

�1
�1�t�g1�t; s�Y�t; s� dt ds (A3)

The first two double integrals in Eq. (A3) are equal to each other. To
prove that, it is sufficient to take the first double integral, formally

switch t and s, use the symmetry of the function R �Y�t; s�, and
exchange the order of integration. After these operations, the second
double integral is obtained. The last two double integrals (which
contain the Hadamard integral) are equal to each other. The
demonstration is the same as the demonstration valid for the first two
double integrals except the fact that the exchanging order of
integration is not a correct procedure a priori and it has to be proved
for the Hadamard integrals [14]. Here this proof is omitted because it
is not essential. After all these manipulations Eq. (A3) becomes

�
dJ

d�

�
��0

� 2C1

Z �1

�1
�1�t�

Z �1

�1
mopt�s�R �Y�t; s� ds dt

� 2C1

Z �1

�1
�1�t��

Z �1

�1
mopt�s�g1�t; s�Y�t; s� ds dt (A4)

Now, calculating the derivative for the constraint written in Eq. (15),
it is possible to write

�
d

d�
f�copt�t� � ��2�t��0 � C2�m�t� � ��1�t��g2�t�g

�
��0

� �02�t�

� C2�1�t�g2�t� � 0 (A5)

Multiplying this expression by ��t�, integrating by parts the term
which contains the derivative of �2 [�2��1� � �2��1� � 0], and
adding the result to Eq. (A4), the resulting expression is

� 2C1

Z �1

�1
�1�t�

Z �1

�1
mopt�s�R �Y�t; s� ds dt

� 2C1

Z �1

�1
�1�t��

Z �1

�1
mopt�s�g1�t; s�Y�t; s� ds dt

�
Z �1

�1
�0�t��2�t� dt � C2

Z �1

�1
��t��1�t�g2�t� dt� 0 (A6)

Observing that �1�t� and �2�t� are independent and arbitrary
functions, �1 � 0 and �2 � 0 can be imposed separately. Imposing
�1 � 0,

�
Z �1

�1
�0�t��2�t� dt� 0 (A7)

Because �2�t� is an arbitrary function, to always satisfy the previous
relation, the following condition is required:

�0�t� � 0 ) �� const (A8)

Using this result and imposing �2 � 0, from Eq. (A6), it can be
deduced that

2C1

Z �1

�1
�1�t�

�Z �1

�1
mopt�s�R �Y�t; s� ds

��
Z �1

�1
mopt�s�g1�t; s�Y�t; s� ds

�
dt

� C2�

Z �1

�1
�1�t�g2�t� dt� 0 (A9)

The preceding equation can be rewritten as

Z �1

�1
�1�t�

�
2C1

Z �1

�1
mopt�s�R �Y�t; s� ds

� 2C1�
Z �1

�1
mopt�s�g1�t; s�Y�t; s� ds� C2�g2�t�

�
dt� 0

(A10)

Again, the function �1�t� is arbitrary. Therefore, to satisfy Eq. (A10)
the following relation has to be valid:

2C1

Z �1

�1
mopt�s�R �Y�t; s� ds� 2C1�

Z �1

�1
mopt�s�g1�t; s�Y�t; s� ds

� C2�g2�t� � 0 (A11)

or equivalently,

2C1

Z �1

�1
mopt�s�R �Y�t; s� ds� 2C1�

Z �1

�1
mopt�s�R �Y�t; s� ds

� C2�g2�t� � 0 (A12)
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Appendix B: Hadamard Integral Under Sinusoidal
Doublet Distribution

The goal is to calculate the Hadamard integral

IC ��
Z �1

�1

mopt�s�
1 � cos�	�t � s�� ds (B1)

under the assumption of

mopt�t� � k sin�	t� k real number (B2)

Notice that the expression of the doublet distribution [Eq. (B2)] is
zero in both the limits of the integral. It is convenient to use the
original variables ’ and ’d. Therefore, using the transformation (92)
the Hadamard integral becomes

IC � 1

	
�
Z

2	

0

mopt�’�
1 � cos�’ � ’d�

d’ (B3)

Equation (B2) is

mopt�’d� � �k sin ’d k real number (B4)

Thus, the integral IC can be written as

IC �� k
	
�
Z

2	

0

sin ’

1 � cos�’ � ’d�
d’ (B5)

or

IC �� k
	
�
Z
	

0

sin’

1 � cos�’ � ’d�
d’ � k

	
�
Z

2	

	

sin ’

1� cos�’ � ’d�
d’

� IC1
� IC2

(B6)

It is convenient to change the dummy variable ’ in ’0 in the integral
IC2

:

IC2
�� k

	
�
Z

2	

	

sin’0

1 � cos�’0 � ’d�
d’0 (B7)

But sin ’0 � � sin�2	 � ’0�, thus

IC2
�� k

	
�
Z

2	

	

sin ’0

1� cos�’0 � ’d�
d’0

� � k
	
�
Z

2	

	

� sin�2	 � ’0�
1� cos�’0 � ’d�

d’0

� � k
	
�
Z
	

2	

sin�2	 � ’0�
1� cos�’0 � ’d�

d’0

(B8)

Observing that sin�2	 � ’0� is zero in both the limits of the integral
and that the singularity is of order 2, it is possible to change the
variables [17]. Setting

’� 2	 � ’0 ) ’0 � ’d � 2	 � ’ � ’d
) cos�’0 � ’d� � cos�’� ’d� (B9)

and observing that d’��d’0, the integral IC2
becomes

IC2
�� k

	
�
Z
	

0

sin’

1 � cos�’� ’d�
d’ (B10)

Using this result, the integral IC can be written [see Eq. (B6)]

IC � IC1
� IC2

�� k
	
�
Z
	

0

sin ’

1 � cos�’ � ’d�
d’

� k

	
�
Z
	

0

sin’

1 � cos�’� ’d�
d’ (B11)

Adding IC1
and IC2

and observing that

sin’

1 � cos�’ � ’d�
� sin ’

1� cos�’� ’d�
� 2

sin ’dsin
2’

�cos’ � cos’d�2
(B12)

the integral IC becomes

IC �� k
	
�
Z
	

0

2
sin’dsin

2’

�cos’ � cos’d�2
d’

�� 2k sin ’d
	

�
Z
	

0

sin2’

�cos’ � cos’d�2
d’�� 2k sin ’d

	
IC3

(B13)

The integral IC3
can be calculated using a known integral. To do that,

it is convenient to write the integral in the following manner:

IC3
��
Z
	

0

sin2’

�cos’ � cos’d�2
d’

��
Z

0

	

sin ’

�cos’ � cos’d�2
�� sin ’� d’ (B14)

In the domain of integration the function sin ’ is positive. Thus

sin ’�
��������������������
1 � cos2’

p
. The integral IC3

can then be written as

IC3
��

Z
0

	

��������������������
1 � cos2’

p
�cos’ � cos’d�2

�� sin ’� d’ (B15)

IC3
has a function in the numerator that is zero in both the limits of the

integral and the singularity is of order 2. The changing of variable is
allowed without extra terms [17]. Setting

cos’d � u cos’� v) �� sin ’� d’� dv (B16)

the integral becomes [18]

IC3
��
Z �1

�1

�������������
1� v2

p

�v � u�2 dv��	 (B17)

Using Eq. (B13) it can be inferred that

IC �� 2k sin ’d
	

IC3
�� 2k sin’d

	
��	� � 2k sin ’d ��2k sin�	t�

(B18)
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